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Introduction

The Riemann Zeta Function

Definition

For s € C with o > 1, we define the Riemann zeta function
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The Riemann Zeta Function

Definition
For s € C with o > 1, we define the Riemann zeta function

Theorem (Euler Product Representation)

We have the following representation of ¢ as an infinite product
over the prime numbers,

o-6-)"
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Mellin Transforms

Definition

Let f: Ry — C be a continuous function which rapidly decays at
oo and satisfies f € O(t~¢) as t — 0. We define the Mellin
transform of f by

dt

M{f}(s):/ooo f(t)ts‘ldt:/ooo f(t)tsT.
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Mellin Transforms

Definition

Let f: Ry — C be a continuous function which rapidly decays at
oo and satisfies f € O(t~¢) as t — 0. We define the Mellin
transform of f by

dt

M{f}(s):/ooo f(t)ts‘ldt:/ooo f(t)tsT.

M{f}(s) converges absolutely and normally for Re(s) > C.
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Properties of the Mellin Transform

Properties

Q@ M{f(at)}(s) = a *M{f}(s)
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Properties of the Mellin Transform

Properties
Q@ M{f(at)}(s) = a *M{f}(s)
Q@ M{t?f(t)}(s) = M{f}(s+ a)
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Properties of the Mellin Transform

Properties
@ M{f(at)}(s) = a—*M{f}(s)
Q@ M{t?f(t)}(s) = M{f}(s+ a)
@ M{3f ()} (s) = M{f}1-5)
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Properties of the Mellin Transform

Properties
Q@ M{f(at)}(s) = a *M{f}(s)
Q@ M{tf(t)}(s) = M{f}(s+ a)
@ M{3f ()} (s) = M{f}1-5)

\,

Mellin Principle

Let ¢: Ry — C be a continuous function satisfying

1_J,Aj h
¢(t)—;;&t-+tmw.

Then, M{¢}(s) has a meromorphic analytic continuation to all of
C, with poles at s = Aq, ..., AJ.

v
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Oops all Mellins

The Gamma Function

The Gamma function is defined as

r(s):/ et Ldt,
0

and satisfies (s + 1) = s['(s).

We can note that

M{et}(s) = /Ooo e‘tts% — I(s).
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Analytic Continuation For Zeta

A Theta Function

Let ¢(t) = > ,>1 e ™t We claim (without proof) that ¢(t)
satisfies the functional equation required to apply the Mellin
principle. As such, we consider

M{d}(s) = /OOO D e e
n=1

> 2
— Z/ tsflefﬂ'n tdt.
0

n=1
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A Theta Function

Now consider the substitution wn?t = x so wndt = dx, then

Mo =3 [ (Z5)" et

o 1 00
:7T_S E 2/ Xs_le_XdX
n2s
0
n=1

= 7751 (s)¢(25).

Thus, M{¢}(s) = 7T (s)((2s) has a meromorphic continuation
to C.



Analytic Continuation of the Riemann Zeta Function

Analytic Continuation For Zeta

Completed Zeta Function

Using the previous results, we can define the analytic continuation
for ((s) and the completed zeta function.
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Completed Zeta Function

Using the previous results, we can define the analytic continuation
for ((s) and the completed zeta function.

Definition
The completed zeta function is the entire function given by

(s) 1= 3nis(s — 1)1 (3) cls),

and satisfies the functional equation £(s) = (1 — s).
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Completed Zeta Function

Using the previous results, we can define the analytic continuation
for ((s) and the completed zeta function.

Definition

The completed zeta function is the entire function given by

(s) 1= 3nis(s — 1)1 (3) cls),

and satisfies the functional equation £(s) = (1 — s).

.

The function ((s) has an analytic continuation to C with a simple
pole s = 1 and with functional equation

¢(s) = 257 Lsin (%5) (1 —s)¢(1—s).

™ = = =

\,
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Riemann Hypothesis

Facts about ((s)

e Under its analytic continuation, {(s) has zeros at every
negative even integer since [(s) has poles at every integer.
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Riemann Hypothesis

Facts about ((s)

e Under its analytic continuation, {(s) has zeros at every
negative even integer since [(s) has poles at every integer.

e From its functional equation, ((s) has a line of symmetry at

—1
Res—2.
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Riemann Hypothesis

Facts about ((s)

e Under its analytic continuation, {(s) has zeros at every
negative even integer since ['(s) has poles at every integer.

@ From its functional equation, ((s) has a line of symmetry at

_ 1
Res_j.

Conjecture (Riemann)

Apart from the negative evens, the zeros of ((s) satisfy Re(s) = 3.
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Conclusion

@ Mellin transforms are powerful tools for understanding ((s)
and related functions
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Conclusion

@ Mellin transforms are powerful tools for understanding ((s)
and related functions

@ Using the same process as above, we can analytically continue
more general L-functions, which replace the 1 in the
numerator of {(s).
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Thank You!
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